In [7] it was obtained a necessary condition for a hypersurface of a Riemannian manifold to be convex at a given point.
Theorem 1.1 If M is an oriented hypersurface in N , convex at x ∈ M, then the bilinear form
where ξ is the normal versor at x, and h is the second fundamental form of M, is semidefinite.
The converse of Theorem 1.1 is not true. To show this, we consider the surface M :
One observes that 0 ∈ M , ξ(0) = (0, 0, 1) and T GH 0 : x 3 = 0 is the plane tangent to M at the origin. On the other hand, if
is a C 2 curve such that 0 ∈ I and c(0) = 0, then (x 3 ) (0) = 2((x 1 ) (0)) 2 
and hence the function f : I → R, f (t) = c(t) − 0, ξ(0)
satisfies the relations f (t) = x 3 (t) and
, and c is an C 2 arbitrary curve, one gets that Ω 0 is positive semidefinite. However M is not convex at the origin because the tangent plane T GH 0 : x 3 = 0 cuts the surface along the semicubic parabola
and consequently in any neighborhood of the origin there exist points of the surface placed both below the tangent plane and above the tangent plane. If the bilinear form Ω is definite at the point x ∈ M , then the hypersurface M is strictly convex at x.
The next results [7] establish a connection between the Riemannian manifolds admitting a function whose Hessian is positive definite and their convex hypersurfaces. 
H-convex Riemannian submanifolds
Having in mind the model of convex hypersurfaces in Riemannian manifolds, we define the H-convexity of a Riemannian submanifold of arbitrary codimension, replacing the normal versor of a hypersurface with the mean curvature vector of the submanifold.
Let (N, g) be a complete finite-dimensional Riemannian manifold and M be a submanifold in N of dimension n whose induced Riemannian metric is also denoted by g. Let x be a point in M ⊂ N , with H x = 0 and V a neighborhood of x in N such that exp x : T x N → V is a diffeomorphism. We denote by ω the 1-form associated to the mean curvature vector H of M .
The real-valued function defined on V by
has the property that the set
is a totally geodesic hypersurface at x, tangent to M at x. This hypersurface is the common boundary of the sets
The next result is a necessary condition for a submanifold of a Riemannian manifold to be H-convex at a given point.
where h is the second fundamental form of M, is positive semidefinite. Proof. We suppose that there is a open set U ⊂ V ⊂ N which contains the point
It follows that 0 is a global minimum point for f , and hence
Since X ∈ T x M is an arbitrary vector, we obtain that Ω x is positive semidefinite.
Remark. We consider {e 1 , e 2 , ..., e n } an orthonormal frame in T x M . Since
h(e i , e i ),
In the sequel, we prove that if the bilinear form Ω x is positive definite, then the submanifold M is strictly H-convex at the point x. For this purpose we introduce a function similar to the height function used in the study of the hypersurfaces of an Euclidean space.
We fix x ∈ M ⊂ N and a neighborhood V of x for which exp x : T x N → V is a diffeomorphism. The function
has the property that it is affine on geodesics radiating from x.
We consider an arbitrary vector X ∈ T x M and a curve c : Proof. The point x ∈ M is a critical point of F ωx and F ωx (x) = 0. On the other hand one observes that
As F ωx is affine on each geodesic radiating from x, it follows Hess
and hence Hess M F ω x is positive definite at the point x. In this way x is a strict local minimum point for F ω x in M ∩ V , i.e., the submanifold M is strictly H-convex at x.
Remark. 1) The bilinear form Ω x is positive (semi)definite if and only if the Weingarten operator
A H is positive (semi)definite. 2) If M is an hypersurface in N , x is a point in M with H x = 0,
then M is H-convex at x if and only if M is convex at x.
A class of strictly H-convex submanifolds into a Riemannian manifold is made from the curves which have the mean curvature nonzero.
Theorem 2.3 Let (N, g) be a Riemannian manifold and c : I → N a regular curve which have the mean curvature nonzero, where I is an real interval. Then c is a strictly H-convex submanifold of N .
Proof. We fix t ∈ I. As T c(t) c =Sp{ .
c (t)}, we obtain
H c(t) = h( . c (t), .
c (t))
.
Since Ω(
form Ω is positive definite. It follows that the curve c is a strictly H-convex submanifold of N .
H-convex Riemannian submanifolds in real space forms
Let us consider (M, g) a Riemannian manifold of dimension n. We fix x ∈ M and k ∈ 2, n. Let L be a vector subspace of dimension k in T x M . If X ∈ L is a unit vector, and {e 1 , e 2 , ..., e k } is an orthonormal frame in L, with e 1 = X, we denote
where k(e 1 ∧ e j ) is the sectional curvature given by Sp{e 1 , e j }. We define the Ricci curvature of k-order at the point x ∈ M ,
B. Y. Chen showed [2] , [3] that the eigenvalues of the Weingarten operator of a submanifold in a real space form and the Ricci curvature of k-order satisfies the next inequality. 
, then the previous inequality is strict.

Corollary 3.2 If M is a submanifold of dimension n in the real space form M (c) of dimension m, x ∈ M and there is a natural number
The converse of previous corollary is also true in the case of hypersurfaces in a real space form.
Theorem 3.3 If M is a hypersurface of dimension n of a real space form M (c) and M is strictly H-convex at a point x, then
Proof. Let x be a point in M, let H be the mean curvature of M and π a 2-plane in T x M . We consider {X, Y } an orthonormal frame in π and ξ = Hx Hx . The second fundamental form of the submanifold M satisfies the relation
On the other hand, the Gauss equation can be written
Using the relation (3.1) and the fact that M (c) has the sectional curvature c, we obtain
On the other hand, Ω x is positive definite because M is strictly H-convex at the point x. From the Cauchy inequality, using the fact that X and Y are linear independent vectors, it follows
From (3.3) and (3.4) we find
which means that the sectional curvature of M at the point x is strictly greater than c. Using the definition of Ricci curvatures, it follows that
Let M be a submanifold of dimension n in the m dimensional sphere S m ⊂ R m+1 . We denote with , the metrics induced on 
We fix a point x ∈ M and an orthonormal frame {e 1 , e 2 , ..., e n } in T x M. From the relation (3.8), one gets (3.9) h(e i , e i ) = h (e i , e i ) + h(e i , e i ), ∀i ∈ 1, n and hence (3.10)
where H is the mean curvature vector field of M ⊂ R m+1 and H is the mean curvature vector field of S m ⊂ R m+1 . We introduce the quadratic forms
From (3.8) and (3.10), we obtain
h(e i , e i ) .
Using the fact that h (X, Y ) and H are tangent vectors at S m , and h(X, Y ) and
h(e i , e i ) are normal vectors at S m , one gets
Based on these considerations, we formulate the next 
